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EQUIVARIANT EVALUATION SUBGROUPS AND
RHODES GROUPS
MAREK GOLASIN´SKI, DACIBERG GONC¸ALVES, AND PETER WONG
Abstract. In this paper, we define equivariant evaluation subgroups
of the higher Rhodes groups and study their relations with Gottlieb-Fox
groups.
Introduction
While the Gottlieb groups Gn(X) of a CW -space X with a basepoint
are important objects of study in homotopy theory, the first Gottlieb group
G1(X) actually originated from Nielsen fixed point theory. In fact, G1(X)
was first introduced by B. Jiang and it is also known as the Jiang subgroup
J(X).
In [15], the classical Nielsen fixed point theory was generalized to the equi-
variant setting under the presence of a group action. Subsequent works re-
lated to equivariant fixed point theory include [2] and [7]. To facilitate com-
putation of certain equivariant Nielsen type numbers, an equivariant Jiang
condition was introduced in [15]. This condition was studied and relaxed by
Fagundes and Gonc¸alves [2] who gave an example in which all equivariant
fixed point classes have the same index while the space does not satisfy the
equivariant Jiang conidtion. In [4] equivariant Gottlieb groups, which are
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analogs of the equivariant Jiang subgroups in higher homotopy groups, were
defined and used to compute the Gottlieb groups of orbit spaces.
This paper is organized as follows. In Section 1, we recall the definition
of the higher Rhodes groups σn(X,x0, G) and prove the following.
Theorem 1.2. Suppose a group G acts freely on X with a basepoint x0.
Then, σn(X,x0, G)
p∗
→ τn(X/G, p(x0)) is an isomorphism for all n ≥ 1.
This generalizes the result of Rhodes when n = 1. Moreover, we establish a
split exact sequence, similar to that proved by Fox for the torus homotopy
groups, for the Rhodes groups. We then introduce new equivariant Gottlieb
groups (in contrast to those introduced in [4]) as subgroups of the higher
Rhodes groups and discuss some basic properties in Section 2. We prove
Proposition 2.4. A space X is Gottlieb if and only if it is a Gottlieb-Fox
space.
Relationships among various evaulation subgroups are discussed in Sec-
tion 3. In particular, n-Gottlieb and equivariant n-Gottlieb spaces are re-
lated as follows.
Theorem 3.1. Suppose a group G acts freely on a spaces X with a
basepoint x0.
(1) For n ≥ 2, if X is equivariant n-Gottlieb then X/G is n-Gottlieb.
(2) For n ≥ 1, if X/G is n-Gottlieb then X is equivariant n-Gottlieb.
(3) Suppose X is a finite aspherical G-CW space. If X is equivariant
1-Gottlieb then X/G is 1-Gottlieb.
1. Higher Rhodes groups
Throughout, G will denote a finite group acting on a compactly generated
Hausdorff path connected space X with a basepoint. The associated pair
(X,G) is called in the literature a transformation group.
In [11], F. Rhodes introduced the notion of the fundamental group σ(X,x0, G)
of the pair (X,G), where x0 is a basepoint in X. A typical element in
σ(X,x0, G) is the homotopy class [α; g] consisting of a path α in X and a
group element g ∈ G such that α(0) = x0, α(1) = gx0. The multiplication
in σ(X,x0, G) is given by
[α1; g1] ∗ [α2; g2] := [α1 + g1α2; g1g2].
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It is easy to see that the groups π1(X,x0), σ(X,x0, G) and G fit into the
following short exact sequence
1→ π1(X,x0)→ σ(X,x0, G)→ G→ 1.
Then, for n ≥ 1, F. Rhodes [12] defined higher homotopy groups σn(X,x0, G)
of (X,G) which is an extension of τn(X,x0) by G so that
(1.1) 1→ τn(X,x0)→ σn(X,x0, G)→ G→ 1
is exact. Here, τn(X,x0) denotes the n-th torus homotopy group of X
introduced by R. Fox [3]. The group τn = τn(X,x0) is defined to be the
fundamental group of the function space XT
n−1
and is uniquely determined
by the groups τ1, τ2, . . . , τn−1 and the Whitehead products, where T
n−1 is
the (n− 1)-dimensional torus. The group τn is non-abelian in general.
Definition 1.1. Suppose that X is a G-space with a basepoint x0 ∈ X. Let
Cn = I × T
n−1. We say that a map f : Cn → X is of order g ∈ G provided
f(0, t2, . . . , tn) = x0 and f(1, t2, . . . , tn) = g(x0) for (t2, . . . , tn) ∈ T
n−1.
Denote by [f ; g] the homotopy class of a map f : Cn → X of order g and by
σn(X,x0, G) the set of all such homotopy classes. We define an operation ∗
similar to the one on σ(X,x0, G) on the set σn(X,x0, G), i.e.,
[f ′; g′] ∗ [f ; g] := [f ′ + g′f ; g′g].
This operation makes σn(X,x0, G) a group. We write σ1(X,x0, G) for
σ(X,x0, G). Now, the orbit map p : X → X/G leads to a homomorphism
p∗ : σn(X,x0, G) → τn(X/G, p(x0)), where p∗([f ; g]) is represented by the
adjoint of the composite I → (X/G)T
n−1
of Cn = I × T
n−1 f→ X
p
→ X/G
for [f ; g] ∈ σn(X,x0, G).
It was shown in [11] that p∗ : σ1(X,x0, G) → τ1(X/G, p(x0)) is an iso-
morphism for a free G-action on X. More generally, we have the following
Theorem 1.2. Suppose G acts freely on X with a basepoint x0. Then,
σn(X,x0, G)
p∗
→ τn(X/G, p(x0))
is an isomorphism for all n ≥ 1.
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Proof. Since the G-action on X/G is trivial, it follows that
σn(X/G, p(x0), G) ∼= τn(X/G, p(x0)).
By induction, we assume that
σk(X,x0, G) ∼= τk(X/G, p(x0))
for k < n. We define the projection σn → σn−1 by [f ; g] 7→ [fˆ ; g], where
fˆ : Cn−1 → X is given by f ◦ in with in : Cn−1 →֒ Cn defined by
in(t1, t2, . . . , tn−1) = (t1, t2, . . . , tn−1, 0) for (t1, . . . , tn−1) ∈ Cn−1. The pro-
jection σn → σn−1 has a section σn−1 → σn via the projection Cn → Cn−1
defined by (t1, t2, . . . , tn) 7→ (t1, t2, . . . , tn−1) for (t1, . . . , tn) ∈ Cn. Consider
the following commutative diagram
(1.2)
1 −−−−→ τn(X,x0) −−−−→ σn(X,x0, G) −−−−→ G −−−−→ 1y y ∥∥∥
1 −−−−→ τn−1(X,x0) −−−−→ σn−1(X,x0, G) −−−−→ G −−−−→ 1,
where the first two vertical homomorphisms have sections. Since this di-
agram is commutative for all k, it follows that the canonical projections
σn(X,x0, G) → σn−1(X,x0, G) and τn(X,x0) → τn−1(X,x0) have isomor-
phic kernels, which we call K. But, the split exact sequence of Fox [3] takes
the following form (see [5])
(1.3) 0→ τn−1(ΩX,x0)→ τn(X,x0)
L99
→ τn−1(X,x0)→ 1.
Thus,
K ∼= τn−1(ΩX,x0),
where x0 denotes the constant loop at x0. Now, consider the following
commutative diagram
1 −−−−−−→ K −−−−−→ σn(X, x0, G) −−−−−→ σn−1(X, x0, G) −−−−−→ 1yp∗
yp∗
y∼=
1 −−−−−−→ τn−1(Ω(X/G), p(x0)) −−−−−→ τn(X/G, p(x0)) −−−−−→ τn−1(X/G, p(x0)) −−−−−→ 1.
Note that τ∗(ΩZ) is a direct product of higher homotopy groups of Z. Since
G acts freely on X, the orbit map p : X → X/G is a finite cover. Hence,
the map p∗ : K ∼= τn−1(ΩX,x0)→ τn−1(Ω(X/G), p(x0)) is an isomorphism.
Thus, by the Five Lemma and inductive hypothesis, the homomorphism
p∗ : σn(X,x0, G)→ τn(X/G, p(x0)) is an isomorphism. 
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Since, in (1.3), the kernel of τn → τn−1 is τn−1(ΩX,x0), we have the
following result generalizing (1.3).
Theorem 1.3. The following sequence
(1.4) 0→ τn−1(ΩX,x0)→ σn(X,x0, G)
L99
→ σn−1(X,x0, G)→ 1
is split exact.
Remark 1.1. Let sn−1 : σn−1 → σn be the section. Consider the injective
homomorphism sn−1◦· · ·◦s2◦s1 : σ1 → σn and the action Θn : σn → Aut(σn)
given by conjugation. The action of σ1 on σn is given by
Θn ◦ sn−1 ◦ · · · ◦ s1 : σ1 → Aut(σn).
Likewise, for the Fox torus homotopy groups, there is an action of π1 = τ1
on τn. In fact, the action of τ1 on τn is simply the restriction of that of σ1 on
σn. Furthermore, since τn−1(ΩX,x0) ∼=
∏n πi(X,x0)αi , one can show that
πn(X,x0) is a (embedded) normal subgroup of σn. By embedding σ1 in σn,
one obtains an action of σ1(X,x0, G) on πn(X,x0).
2. Evaluation subgroups of Rhodes groups
Given a space X, we defined in [5] the Gottlieb-Fox groups to be the eva-
luation subgroups Gτn := Gτn(X,x0) := Im(ev∗ : τn(X
X , 1X)→ τn(X,x0))
of the torus homotopy groups τn for n ≥ 1, where X
X := Map(X,X) is the
map space.
In this section, we define and study the analogous evaluation subgroups
of the Rhodes groups σn for n ≥ 1.
Definition 2.1. Given a G-space X, consider the pointwise action of G on
the space XX , i.e., (gf)(x) := gf(x) for g ∈ G, f ∈ XX and x ∈ X.
The evaluation subgroup
Gσn := Gσn(X,x0, G) := Im(ev∗ : σn(X
X , 1X , G)→ σn(X,x0, G))
of σn is called the n-th Gottlieb-Rhodes group of a G-space X.
To relate the Gottlieb-Rhodes groups with the Gottlieb-Fox groups, we
consider the homomorphism pn : Gσn → G given by [f ; g] 7→ g for [f ; g] ∈
Gσn.
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Theorem 2.2. The following sequence
(2.1) 1→ Gτn → Gσn
pn
→ G0 → 1
is exact. Here, G0 is the subgroup of G consisting of elements g considered
as homeomorphisms of X which are freely homotopic to 1X .
Proof. Since [f ; g] ∈ Gσn, we get [f ; g] = ev∗([F ; g]) for some [F ; g] ∈
σn(X
X , 1X , G). This means that g∗ ∼ 1X (or equivalently g ∈ G0) via
the homotopy determined by the restriction map F| : I × {1, . . . , 1} → X
X .
Thus, we get pn(Gσn) = G0. By the naturality of the evaluation map and
the fact that Ker( pn ⊆ τn, it follows that Ker pn = Gτn. 
The group Gσn was already defined by M. Woo and Y. Yoon [16] who
asked whether Gσn is abelian in general. In view of (2.1), we expect that
Gσn is non-abelian in general.
Example 2.3. Let X = RP 3 = S3/{±I} be the 3-dimensional real projec-
tive space and G = Z2 ⊕ Z2. Consider the free action of the quaternionic
group Q8 ⊂ S
3 on the sphere S3. Then, G acts on X as a quotient of Q8.
Then, Gσ1 = Q8, Gτ1 = Z2 and G0 = G = Z2 ⊕ Z2.
We have three evaluation subgroups, namely the classical Gottlieb groups
Gn(X) = Gn(X,x0), the Gottlieb-Fox groups Gτn(X) = Gτn(X,x0) and
the Gottlieb-Rhodes groups Gσn(X,G) = Gσn(X,x0, G), where (X,G) is a
transformation group. We shall compare these different notions. Recall that
a space X is a Gottlieb space if Gn(X) = πn(X) = πn(X,x0) for all n ≥ 1.
Similarly, we say that X is Gottlieb-Fox or Gottlieb-Rhodes for a G-space X
if Gτn(X) = τn(X) and Gσn(X,G) = σn(X,G), respectively for all n ≥ 1.
Certainly, any H-space is Gottlieb-Fox.
Remark 2.1. It is straightforward to see, using Theorem 2.2, that a G-space
X is Gottlieb-Rhodes if and only if X is Gottlieb-Fox and G0 = G.
Proposition 2.4. Suppose that X is a compactly generated Hausdorff path
connected space. Then, X is Gottlieb if and only if it is a Gottlieb-Fox space.
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Proof. It was shown in [5] that the Gottlieb-Fox groups are direct products
of the classical Gottlieb groups. More precisely, there is an isomorphism
Gτn(X) ∼=
n∏
i=1
Gi(X)
γi ,
where γi =
(
n−1
i−1
)
. From [3], we also have
τn(X) ∼=
n∏
i=2
πi(X)
αi ⋊ τn−1(X),
where αi =
(n−2
i−2
)
. Suppose X is Gottlieb. Since τ1 = π1 and Gτ1 = G1, we
have τ1 = Gτ1. By inductive hypothesis, we may assume that Gτn(X) =
τn(X). Now,
τn+1(X) ∼=
n+1∏
i=2
πi(X)
βi ⋊Gτn(X)
∼=
n+1∏
i=2
πi(X)
βi ⋊
n∏
i=1
πi(X)
γi ,
where βi =
(n−1
i−2
)
. Since the semi-direct is given by the Whitehead product
and X is Gottlieb, the action is trivial and thus
τn+1(X) ∼=
n+1∏
i=2
πi(X)
βi ×
n∏
i=1
πi(X)
γi .
For 2 ≤ i ≤ n,
βi + γi =
(
n− 1
i− 2
)
+
(
n− 1
i− 1
)
=
(
n
i− 1
)
.
It is easy to see that
n+1∏
i=1
Gi(X)
( n
i−1
) ∼= Gτn+1(X) = τn+1(X) ∼=
n+1∏
i=1
πi(X)
( n
i−1
).
Thus, by induction, X is a Gottlieb-Fox space.
Conversely, if X is Gottlieb-Fox, then Gτ1(X) = τ1(X) is equivalent to
G1(X) = π1(X). Suppose Gi(X) = πi(X) for i ≤ n. Then, τn+1(X) ∼=∏n+1
i=1 πi(X)
βi×τn(X) is a direct product since τn(X) = Gτn(X) ∼=
∏n
i=1Gi(X)
γi
and Whitehead products with Gottlieb elements vanish. Now,
n∏
i=1
Gi(X)
( n
i−1
)×Gn+1(X) ∼= Gτn+1(X) = τn+1(X) ∼=
n∏
i=1
πi(X)
( n
i−1
)×πn+1(X).
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But, by inductive hypothesis, πi(X) = Gi(X) for i ≤ n. Note that the
equality above mens that the inclusion Gτn+1(X) →֒ τn+1(X) is an isomor-
phism. This inclusion is given by the product of the respective inclusions
Gn+1(X) ⊆ πn+1(X) and Gi(X) ⊆ πi(X) for i ≤ n. Since the inclusions
Gi(X) ⊆ πi(X), for i ≤ n, are isomorphisms, it follows that the inclusion
Gn+1(X) →֒ πn+1(X) must be an isomorphism. Hence, X is a Gottlieb
space. 
Example 2.5. Let X = Sn be the n-sphere and G be a finite group acting
freely on X. If n is even, then G = Z2 in which case G 6= G0 = {e}. If n
is odd, then for any g ∈ G, the Lefschetz number L(g∗) is zero since g has
no fixed points. It follows that L(g∗) = 1− deg g∗ = 0 and this implies that
deg g∗ = 1. Thus, g∗ is homotopic to 1X . In this case, G = G0.
Example 2.6. Let X = T 3 be the 3-dimensional torus and G = Z2 = 〈t〉.
The action of G on X is given by t · (a, b, c) 7→ (Aa, b¯, c¯), where A is the
antipodal map on S1 and z¯ denotes the complex conjugate of z. The map
induced by the generator t is of degree 1 but is not homotopic to the identity
so that G 6= G0. It is well known that H-spaces are Gottlieb spaces. This
example shows thatX being Gottlieb-Fox does not implyX that is Gottlieb-
Rhodes without the condition G = G0.
Next, we generalize a result of Gottlieb [6] on the Gottlieb subgroups in
a fibration. Let G be a finite group. By a G-fibration, we mean a G-map
p : E → B satisfying the G-Covering Homotopy Property for any G-spaces.
Theorem 2.7. Let G be a finite group and E
p
→ B be a G-fibration such
that BG 6= ∅. Let F = p−1(b0) for some b0 ∈ B
G and choose b˜0 ∈ F . Then,
there exists a homomorphism d∗ : σn(ΩB, b0, G)→ σn(F, b˜0, G) such that
d∗(σn(ΩB, b0, G)) ⊆ Gσn(F, b˜0, G).
Proof. Let ΩB be the space of loops based at b0. Consider the G-action on
ΩB × G given by g · (λ, g′) = (gλ, gg′) for (λ, g′) ∈ ΩB × G and g ∈ G.
Because the definition of σn automatically restricts to the component of the
basepoint and the group G is finite, the projection pG : ΩB × G → ΩB
induces an isomorphism
pG∗ : σn(ΩB ×G, (b0, e), G) → σn(ΩB, b0, G),
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where e ∈ G denotes the identity element.
Using the G-Covering Homotopy Property, there exists a G-lifting func-
tion µG : ΩB ×G→ F
F . Define a map d∗ to be the composite
σn(ΩB, b0, G)
pG
−1
∗→ σn(ΩB×G, (b0, e), G)
µG∗→ σn(F
F , 1F , G)
ev∗→ σn(F, b˜0, G).
Then, the assertion follows from the definitions of d∗ and of Gσn. 
Remark 2.2. When G = {1}, the map d∗ becomes the boundary homo-
morphism induced by the action of ΩB on F so that Theorem 2.7 becomes
the first part of [5, Theorem 2.2].
3. Equivariant Gottlieb groups and orbit spaces
In [4], equivariant Gottlieb groups {Gn(X
H , x0)} or simply {Gn(X
H)}
were defined for every subgroup H ≤ G of a G-space X, where XH is the
subspace of X given by H-invariant points. These groups are subgroups
of the classical homotopy groups πn(X
H). When n = 1, {G1(X
H)} are
the same as the G-Jiang subgroups as defined in [15]. In this section, we
investigate relationships among the various evaluation groups.
For any positive integer n, a space X is n-Gottlieb if Gn(X) = πn(X).
Similarly, X is n-Gottlieb-Fox if Gτn(X) = τn(X). Recall from [4] that for
any n ≥ 1 and for any subgroup H ≤ G,
Gn(X
H) = Im(ev∗ : πn(MapWH(X
H ,XH), 1XH )→ πn(X
H , x0)),
where MapWH(X
H ,XH) is the space ofWH = NH/H-maps on XH , where
NH is the normalizer of H in the group G and WH is the Weyl group.
For any positive integer n ≥ 1, a G-space X is said to be n-Gottlieb-
Rhodes if Gσn(X,x0, G) = σn(X,x0, G). Similarly, we say that X is equi-
variant n-Gottlieb if Gn(X
H) = πn(X
H) for every subgroup H. While
one can define analogously the notion of equivariant n-Gottlieb-Rhodes, i.e.,
Gσn(X
H , x0,WH) = σn(X
H , x0,WH) for every subgroup H, for the rest
of the paper we will only study the various evaluation subgroups when the
G-action is free.
Theorem 3.1. Suppose a group G acts freely on a space X with a basepoint
x0.
(1) For n ≥ 2, if X is equivariant n-Gottlieb then X/G is n-Gottlieb.
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(2) For n ≥ 1, if X/G is n-Gottlieb then X is equivariant n-Gottlieb.
(3) Suppose X is a finite aspherical G-CW space. If X is equivariant
1-Gottlieb then X/G is 1-Gottlieb.
Proof. Certainly, given a free G-action on X, the subspaces XH are empty
for any non-trivial subgroup H of G and X{e} = X.
(1) For the obvious map q : MapG(X,X) → Map(X/G,X/G), consider
the following commutative diagram
πn(MapG(X,X), 1X )
ev∗−−−−→ πn(X,x0)
q∗
y p∗y
πn(Map(X/G,X/G), 1X/G)
ev∗−−−−→ πn(X/G, p(x0))
for any n ≥ 2. If X is equivariant n-Gottlieb then the evaluation map ev∗ :
πn(MapG(X,X), 1X ) → πn(X,x0) must be onto. Furthermore, since p∗ :
πn(X,x0) → πn(X/G, p(x0)) is an isomorphism, the commutativity of the
diagram implies that ev∗ : πn(Map(X/G,X/G), 1X/G)→ πn(X/G, p(x0)) is
also surjective, i.e., Gn(X/G; p(x0)) = πn(X/G, p(x0)).
(2) The case when n = 1 was already proven in [15, Proposition 4.9]. For
n ≥ 2, it was proven in [4, Proposition 3.3] that p∗(Gn(X)) ∼= Gn(X/G).
Since p∗ : πn(X) → πn(X/G) is an isomorphism for n ≥ 2 and Gn(X/G) =
πn(X/G) by assumption, it follows that Gn(X) = πn(X), i.e., X is equi-
variant n-Gottlieb.
(3) Since X is a finite aspherical CW space, so is X/G. The fundamental
groups π1(X) and π1(X/G) are finitely generated and torsion-free. Since X
is equivariant 1-Gottlieb, G1(X) = π1(X) and consequently π1(X) ∼= Z
d for
some integer d > 0. By [4, Proposition 3.3], p∗(G1(X)) ⊆ G1(X/G). More-
over, a result of Gottlieb asserts that G1(X/G) is the center of π1(X/G). It
then follows that p∗(π1(X)) = p∗(G1(X)) ⊆ G1(X/G) is central in π1(X/G).
In other words, the exact sequence
0→ Zd ∼= π1(X)→ π1(X/G)→ G→ 1
determined by the orbit map p : X → X/G is a central extension. By [14],
the group π1(X/G) ∼= Z
d is free abelian of the same rank as π1(X). Then,
since X/G is aspherical, G1(X/G) = Center(π1(X/G) = π1(X/G)) and the
space X/G is 1-Gottlieb. 
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For n = 1, (1) of Theorem 3.1 does not hold as we show in the following
examples.
Example 3.2. Let X = S3×S3×S3, G = Z2 = 〈t〉, where the free action of
G on X is given by t · (x, y, z) = (−x, y, z). Here, w denotes the conjugate of
w in S3 which is regarded as the unit quaternions. Note that G1(X) = {1}
since π1(X) = {1}, and G1(X/G) = {1} while π1(X/G) = Z2. To see this,
observe that the elements of G1(X/G) act trivially on π3(X/G) ∼= π3(X)
but the automorphism t♯ ∈ Aut(π3(X)) for t♯(1⊕1⊕1) = (1⊕ (−1)⊕ (−1))
is non-trivial.
Example 3.3. Let X = S3 and G be a finite subgroup of S3. The free action
of G on X is multiplication in S3 so that X/G is the coset space S3/G. By
[9], Gn(S
3/G) ∼= Gn(S
3) for all n ≥ 1. Since S3 is a topological group, it is n-
Gottlieb for all n ≥ 1, i.e., S3 is a Gottlieb space. Using [4, Proposition 3.3],
we have Gn(S
3)
p∗
−→
∼=
Gn(S
3/G) for n ≥ 2 so thatGn(S
3) ∼= Gn(S
3) ∼= πn(S
3).
For n = 1, G1(S
3) = {1} = π1(S
3). Therefore, S3 is equivariant n-Gottlieb
for all n ≥ 1. However, if G is not abelian, then S3/G is not 1-Gottlieb.
Remark 3.1. J. Oprea [10] proved that if G is a finite group acting freely
on S2n+1 then G1(S
2n+1/G) is the center of G. In particular, when n = 1,
Oprea’s result asserts that S3/G is Gottlieb if and only if G is abelian. This
result cannot be generalized to arbitrary simply connected Gottlieb spaces.
In fact, Example 3.2 serves as a counter-example in which X is a simply-
connected Gottlieb space (since it is a topological group) admitting a free
G = Z2 action but X/G is not a Gottlieb space.
J. Siegel [13] gave the first example of a finite dimensional Gottlieb space
that is not an H-space. Following our discussion in this section, one can
construct similar but even simpler examples as follows.
Example 3.4. Let X = S3/Z4 be the coset space of S
3 by the finite sub-
group Z4. Then, X is a Gottlieb space but not an H-space. The fact that
X is a Gottlieb space follows from the same argument used in Example 3.3
except now G = Z4 is abelian so that X is indeed 1-Gottlieb. The fact that
X does not admit an H-structure follows from [1, Theorem 4, p. 87].
We end this section by studying the Gottlieb-Rhodes groups of a free G-
space and the Gottlieb groups of the orbit space when the space is aspherical.
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Proposition 3.5. Suppose a finite group G acts freely on a finite aspherical
G-CW space X with a basepoint. Then X/G is Gottlieb if and only if X is
a Gottlieb-Rhodes space.
Proof. By Theorem 3.1, X/G is Gottlieb if and only if X is equivariant
Gottlieb. Since the G-action is free, an equivariant Gottlieb space is the
same as a Gottlieb G-space. Using Remark 2.1 and Proposition 2.4, X is
Gottlieb-Rhodes if and only if X is Gottlieb and G0 = G. Thus, if X is
Gottlieb-Rhodes then X/G is Gottlieb.
To prove the converse, it suffices to show that if X/G is Gottlieb then
G0 = G. Since X/G is Gottlieb the groups π1(X/G) and π1(X) are abelian.
Hence, because the space X is path connected, there is a canonical induced
G-action on π1(X). But p : X → X/G is a finite cover, so it follows that
the short exact sequence 0 → π1(X) → π1(X/G) → G → 1 is a central
extension so that G acts trivially on π1(X). That is, every g ∈ G induces
the identity homomorphism on π1(X). Since X is aspherical, it follows that
g is homotopic to the identity map 1X . This means that G0 = G. 
Remark 3.2. In general, X being equivariant Gottlieb does not imply that
X is Gottlieb-Rhodes even when G acts freely on X. In fact, Example 3.2
furnishes such an example since G0 = {1} 6= G = Z2 and X is equivariant
Gottlieb.
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